ENVELOPE OF HOLOMORPHY FOR BOUNDARY CROSS SETS 

§ ■ PETER PFLUG AND VIET-ANH NGUYEN 

(N ' 

Abstract. Let D c C™, G C C' m be open sets, let A (resp. B) be a subset of 
the boundary 3D (resp. dG) and let W be the 2-fold boundary cross ((DU A) x 
B) U (A x (BUG)). An open subset X C C" +m is said to be the "envelope of 
' holomorphy" of W if it is, in some sense, the maximal open set with the following 

property: Any function locally bounded on W and separately holomorphic on 
(A x G) U (D x B) "extends" to a holomorphic function defined on X which 
admits the boundary values / a.e. on W. In this work we will determine the 



U 
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envelope of holomorphy of some boundary crosses 



1. Introduction 



In a series of articles [61 0, [8] the authors establish various "boundary cross theo- 
rems" . These results deal with the continuation of holomorphic functions of several 
complex variables which are defined on some boundary crosses. The first theorem 
^ — . of this type was discovered and proved by Malgrange-Zerner [TO] . 

However, the question naturally arises whether all these theorems are optimal. 
More precisely, are the extension domains in these theorems always maximal? In 
other words, are they always "envelopes of holomorphy" ? In this work we investigate 
this question. We will show that under some conditions our boundary cross theorems 
are optimal. 

1.1. Plurisubharmonic measures. Let f2 C C n be an open set. For any function 
; u defined on fl, let 

^' u(z)-[ U( " Z ^ 

| lim sup z G dtt. 

For a set A C fl put 

hA,u '■= SU P {u : u <E VSH(Q), u < 1 on Q, u < on A} , 

where VSTC(Jl) denotes the cone of all functions plurisubharmonic on Q. 

The plurisubharmonic measure of A relative to fl is the function u(-,A,Q) G 
VSH(Q) defined by 

u(z,A,Q) := h* AQ (z), z G ft, 

where h* denotes the upper semicontinuous regularization of the function h. 

If n = 1 and A C dfl, then u(-,A,Q) is also called the harmonic measure of A 
relative to fl. In this case, u(-, A, fl) is a harmonic function. 
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1.2. Cross, separate holomorphicity. For open sets D C C", G C C m and 

subsets ^ A C D, / B C G, we define the cross W and its interior W° as 

W = X(A,B;D,G) :=((£> U A) x B)U(Ax (GUB)), 
W° = X°(A B; D, G) := (D x B) Li (A x G). 

If A C 3D and B C <9G (resp. icfl and B C G), then VF is called a boundary 
cross (resp. a classical cross). 

For a cross VP := X(A, 5; D, G) let 

V?° = X°(A, B- D, G) := {(z, w) e D x G : u(z, A, D) + u(w, B, G) < 1} 

and 

V? = X(A, B; D, G):=f U V?°. 

We say that a function / : W — > C is separately holomorphic on VP and write 
/ G CsfW ), if for any a G A the function /(a, -)|g is holomorphic on G, and for 
any b & B the function /(•, b)\o is holomorphic on D. 

We say that a function / : W — > C is separately continuous and write / G C S (W), 
if for any a £ A and for any b G B, the functions /(a, •) and /(■, b) are continuous. 

For an open set flcC", 0(Q) denotes the space of all holomorphic functions on 

ft. 

1.3. Motivations for our work and envelope of holomorphy of a bound- 
ary cross. We like to formulate the boundary cross theorems in one and higher 
dimensional contexts (see [H1E1E])- 

A (Jordan) curve in C is the image C := {^(t) : t G [0, 1]} of a continuous one- 
to-one map 7 : [0, 1] — > C. The interior of the curve C given by {^(t) : t G (0, 1)} 
is said to be an open (Jordan) curve. A Jordan domain is the image {T(t), t G E} 
of a one-to-one continuous map T : E — ► C, where, in this work, E denotes the 
open unit disc in C. A closed (Jordan) curve is the boundary of a Jordan domain. 
An open set D C C is said to be Jordan- curve-like at a point £ G dD if there is a 
Jordan domain U such that £ G U and U H dD is an open (Jordan) curve. 

Let D C C, G C C be two open sets and A (resp. B) a subset of dD (resp. <9G) 
such that D (resp. G) is Jordan- curve-like at every point of A (resp. B), and let 
/ : W — > C be a function. We can define as in Subsections 2.1-2.3 of [7j various 
notions and terminology: Jordan-measurable sets, sets of positive length, sets of 
zero length, Jordan-measurable functions, the angular limit, the set of all locally 
regular points A* (resp. B*) relative to A (resp. B), almost everywhere (a.e.) etc. 

Theorem A in [7] may be restated, in a simple form, as follows: 

Theorem 1. We keep the hypotheses and notation of the previous paragraph. Sup- 
pose in addition that A and B are of positive length and that f verifies the following 
properties: 

(i) / is locally bounded on W and f G O s (W°); 

(ii) /\axb is Jordan-measurable; 

(hi) for any a G A (resp. b G B), the holomorphic function f(a,-)\c (resp. 
f(-,b)\ D ) has the angular limit fi(a,b) at b for a.e. b G B (resp. / 2 (a, 6) at 
a for a.e. a G A) and fx = / 2 = / a.e. on A x B. 
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Then there exists a unique function f G 0(W°) with the following property: There 
are subsets A C A fl A* and B C B H B* such that 
la) the sets A \ A and B \ B are of zero length; 

lb) / admits the angular limit f(C,v) a ^ every point (C,r)) £ (Ax G) [J(D x B). 

In fact, this theorem was formulated in [7] in a more general context: D and G 
are open sets of arbitrary complex manifolds of dimension 1 countable at infinity. 

For the higher dimensional case we recall the following terminology from Section 
2 in [8]. Let D C C n be a nonempty open set, and A a nonempty relatively open 
subset of 3D. Then A is said to be a topological hypersurface (in C™ = M? n ) if, for 
every a £ A there exist an open neighborhood V of a, an open subset C/ C R 2n_1 , a 
continuous function h : J7 — > M and an integer j : 1 < j < 2n such that 

V (1 A = {z = (xt, . . .,x 2n ) G M 2n : Xj = . . . ,Xj-i,x j+ i, . . .,x 2n ), 

(xi, . . . , Xj — i, Xj-\-\, . . . , X 2 n 

)eU}. 

The Main Theorem in [6j [8] may be restated, in a simple form, as follows: 

Theorem 2. Let D C C n , G C C m &e iwo nonempty open sets, let A (resp. B) 
be a nonempty relatively open subset of dD (resp. dG). Suppose in addition that A 
and B are topological hypersurfaces. Let f : W — ► C be such that: 

(i) feC s {W)nO s {W°); 

(ii) / is locally bounded on W; 

(iii) f\AxB is continuous. 

Then there exists a unique function f G 0(W°) such that 

lim _ f(z, w) = /(C, 77), (C, v) e W. 

In fact, this theorem was formulated in [8J in its full generality: D and G are open 
sets of arbitrary complex manifolds. 

These results lead to the following concept. 

Definition 1. Let D, G, A, B be as in the hypothesis of Theorem 1 (resp. Theorem 
2) and W := X(A, B; D,G). We say that W° is the envelope of holomorphy 

of the boundary cross W if there do not exist nonempty open sets U\, XJ 2 C C 2 
(resp. C n+m ) with U2 connected, U2 <f. W°, U\ C U 2 H W°, such that for every 
f : W — > C which satisfies (i)-(iii) of Theorem 1 (resp. Theorem 2), there is a 
function h G 0(U 2 ) such that h = f on U\, where f G 0(W°) is the unique function 
given by Theorem 1 (resp. Theorem 2). 

The purpose of this article is to investigate the question whether W° in Theorem 
1 and 2 is always the envelope of holomorphy. This problem is motivated by the 
work of Alehyane-Zeriahi pQ , where the envelope of holomorphy of a classical cross 
(i.e. A C D, B C G), D, G are subdomains of Stein manifolds, has been identified. 
See also [S] for further generalizations. 

Acknowledgment. The second author wishes to express his gratitude to the 
Max-Planck Institut fur Mathematik in Bonn (Germany) for its hospitality and its 
support. The research was partially supported by DFG grant no. 227/8-2. 
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2. Statement of the results 

Let D C C be an open set which is Jordan-curve-like at a point ( G 3D. Then £ 
is said to be of type 1 if there is a neighborhood V of C such that V fl D is a Jordan 
domain. Otherwise, C is said to be of type 2. We easily see that if ( is of type 2, 
then there are an open neighborhood V of £ and two Jordan domains Vi, V2 such 
that VnZ? = ViUV2.A (Jordan) curve or an open (Jordan) curve or a closed curve 
C C <9-D is said to be of type 1 (resp. type 2) if all points of C are of type 1 (resp. 
type 2). 

The following simple example (see Subsection 2.1 in [7j) may clarify the above 
definitions. 

Example 1. Let H be the open square in C whose four vertices are 1 + i, 
— 1 — i, and 1 — i. Define the domain 

1 1" 



D:= H\ 



2' 2 



Then D is Jordan-curve-like on 3H U f — |, |) . Every point of 3H is of type 1 and 
every point of (— |, |) is of type 2. In other words, 3G is a closed curve of type 1 
and (— |, 2) i s an °P en curve of type 2. 

We continue with another example showing that in Theorem 1 above W° is, in 
general, not the envelope of holomorphy of W. 

Example 2. Let D be as in Example 1, let A := (— |, |) , and G := E, B := dG. 
Then a direct computation shows that 

W° = X°(A, B;D,G) = Dx G. 

Let / be an arbitrary function satisfying the hypothesis of Theorem 1, and let 
/ G 0(W°) and A C A be as in the conclusion this theorem. Therefore, using the 
Lindelof Theorem, we have 

lim fix + iy) = f(x) = lim f(x + iy), x G A. 

On the other hand, using the fact that the one dimensional Hausdorff measure of 
A \ A is zero, the hypothesis that / is locally bounded on W and applying Two- 
Constant Theorem, one can prove that for every (C,f]) G A x G, there are open 
neighborhoods U of C in D U A and V of rj in G such that 

sup \f(z, w)\ < 00. 

(*7VA)xV 

Consequently, by Morera's Theorem, / extends holomorphically through all points 
of A x G. Therefore, one can take U\ := D x G and U2 '■= (D U A) x G in Definition 
1. Hence, W° is not the envelope of holomorphy of W. 
This discussion leads us to the following 

Definition 2. Let D G C be an open set and A C dD be such that D is Jordan- 
curve-like at every point of A. A point a G A is said to be an extendible point of 

A if there exists an open (Jordan) curve C := {'jit) : t G (0, 1)} C 3D such that 

• a eC, 

• the open curve C is of type 2, 
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• C \ A is of zero length. 

Now we are able to state the first result. 

Theorem A. Let D, G, A, B be as in the hypothesis of Theorem 1 and W : = 
X(A, B; D,G). Suppose in addition that D (resp. G) is Jordan- curve-like at all 
points of A (resp. B) and that A and B do not possess any extendible points. Then 
W° is the envelope of holomorphy of W. 

For the higher dimensional situation we need to introduce a new concept. 

Definition 3. A pair (A, D) of an open set DcC" and a relatively open set A 
of dD is said to satisfy hypothesis if there exists a sequence of pseudoconvex 

oo 

open sets {D k )^ =1 C C n such that D k (1 D = D U A and f| D k = D U A. 

k=l 

Now we are ready to state the second result. 

Theorem B. Let D, G, A, B be as in the hypothesis of Theorem 2 and 
W := ~K(A, B; D,G). Suppose in addition that the pairs (A,D) and (B,G) satisfy 
hypothesis (Jff). Then W° is the envelope of holomorphy ofW. 

Here is a simple sufficient condition. 

Proposition C. Let D C C n be a pseudoconvex domain and A C dD a relatively 
open subset. Suppose in addition that A can be written in the form A = [J Aj, 

where 

(i) Aj is a connected relatively open and bounded subset of dD for j e J; 

(ii) A~ n U A k = for j e J; 

_ke.J\{j} 

(iii) [J Aj is contained in the set of C 2 smooth, strongly pseudoconvex points of 
dD. 

Then the pair (A,D) satisfies hypothesis 

It seems to be of interest to find weaker conditions than hypothesis (Jf?) for 
Theorem B to be true. One may also seek to determine the envelope of holomorphy of 
boundary cross sets where some singularities are allowed or in the manifold context. 
The problem of determining the envelope of holomorphy of classical cross sets with 
singularities has been studied in many works (see [21 [21 IH E] and the references 
therein) . 

3. The proofs 

The main idea of the proofs is contained in the following lemma. 

Lemma 3.1. Let D, G, A, B be as in the hypothesis of Theorem A (resp. Theorem 
B) and W := X(A, B;D,G). Assume that for every nonempty open connected set 
U C C 2 (resp. C n+m ) such that U <f_ W° and U D W° ^ 0. there is a pseudoconvex 
open set Q in C 2 (resp. C n+m ) such that W C Q and U D dtt ^ 0. Then W° is the 
envelope of holomorphy of W. 



6 



PETER PFLUG AND VIET-ANH NGUYEN 



Proof. Assume that W° is not the envelope of holomorphy of W. Then there are non 
empty open connected sets U\ C U 2 , U\ C W° but U 2 (f. W° such that for every 
/ : W — > C which satisfies (i)-(iii) of Theorem 1 (resp. Theorem 2), there is a 
function h £ 0(1/2) such that h — f on Ui, where / £ 0(W°) is the unique function 
given by Theorem 1 (resp. Theorem 2). 

By the hypothesis, one may find a pseudoconvex open set Q such that W C Q 
and U2 H dQ 7^ 0. Let Us be the connected component of U% D Q which contains 
U\. It is clear that dU^ fl f/ 2 fl dQ 7^ 0. Therefore, by Cartan-Thullen Theorem, 
there are a function / £ 0(Q), a sequence of points ((zj,Wj))j° =1 C U 3 and a point 
(20, w ) £ 9J7 3 fl C/2 n dQ with l/O&p — > 00 and (zj,Wj) — > (^0,^0) as j ~* °°- 
Then / restricted to W extends to a holomorphic function / on W° and f = f 
on By the above assumption there is h £ Oil!?) such that /i = / on U\. This 
implies that / = h on U3. But the latter identity contradicts the fact that 

lim \ f(zj,Wj)\ = 00 and lim \h(Zj,Wj)\ = \h(z ,w )\. 

j— >oo j— >oo 

Hence, the proof is finished. □ 

Before we present the proof of Theorem A, we have to introduce some notation 
and terminology (see also Subsections 2.1-2.3 of [7]) 

For two sets T C S, the characteristic function 1t,s : S — > {0, 1} is given by: 
It.s 1 = 1 on T and 1t,s = on S \ T. 

Let us come back to the beginning of Subsection 1.3. For a curve C := {"f(t) : t £ 
[0, 1]} (resp. a closed curve which is the boundary of a Jordan domain T : E — > C), 
7 : [0, 1] — > C (resp. r|^) is said to be a parametrization. Moreover, two curves 
with corresponding parameterizations 71, 72 are said to have the same end-points if 
7i(0) =72(0) and 7 i(l) =72(1). 

Proof of Theorem A. Since D is Jordan-curve-like on the set A of positive length, 
we may find a sequence (Ak)^ =l of relatively open subsets of dD such that D is 
Jordan-curve-like on 4, k > 1, 

(3.1) A C Ah, Ak \ A as k —>■ 00, and A \ A is of zero length. 
Using (13.11) and applying Theorem 4.6 in [7J yields that 

(3.2) u{z,A,D) = uj{z,A ,D), z £ D. 

Let Vd be the Poisson projection of D (see [91 Subsection 4.3]). By Theorem 4.3.3 
in [9], we have 

L0(-,A k ,D) =V D [ldD\A k ,dD], k>0. 

On the other hand, using (13. ip and applying the monotone convergence theorem 
yields that 

lim V D [LdD\A k ,dD\ = V D [^dD\A ,dD\- 

k— +00 

This, combined with (13.21) . implies that 



(3.3) 



u}(z, Ak, D) y uj(z, A, D) as k — > 00, z £ D. 
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Now we construct two sequences of open sets (Dk)kL 1 C C and (G k ) k % 1 C C with 
D C D k and G C G k . To do this, for every k > 1, write 

(3.4) A fe = |J A fc/ , B fe = |J S fcm 

where the (resp. B km ) are pairwisely disjoint open connected subsets of dD 
(resp. dG) and the index set I k (resp. Jfc) contains at most countably many points. 
Now we use the hypothesis that D (resp. G) is Jordan-curve-like at all points of A 
(resp. B). After a possible change of A k (resp. B k ) we may assume that for every 
fixed k > 1, (A k i)i e i k (resp. (B km ) me j k ) are pairwisely disjoint, they are either curves 
or closed curves and their types are either 1 or 2. Moreover, using ( if necessary) a 
conformal transformation: z \— > where z is an arbitrary point in D, we may 
assume, without loss of generality that dD and dG are bounded (hence, compact) 
sets. 

For every open (Jordan) curve A k i (resp. B km ) of type 1 we fix a parametrization 
a H : [0, 1] — > A kl (resp. b km : [0, 1] — > B km ) and find, using a geometric 
argument which is based on the compactness and the connectedness of A ki (resp. 
B km ), an open curve T k i (resp. A km ) with a parametrization j k i : [0,1] — > T k i 
(resp. \ km : [0, 1] — ► A fcm ) satisfying the following properties: 

(a) T k i has the same end-points as those of A k i and max \a k i(t)— 7^(^)1 < t; (resp. 

t€[0,l] ft 

A fcm has the same end-points as those of Sfe m and max |6fc m (t) — Afc m (t)| < l); 

te[o,i] ft 



(b) A H U r fci is the boundary of a Jordan domain A M (resp. £?fc m U A fcm is the 
boundary of a Jordan domain § km ); 

(c) A fe/ n D = (resp. $ km C\G = 0). 



For every closed (Jordan) curve A kp (resp. -B^r) of type 1 we fix a parametrization 
a kp : dE — > A kp (resp. b kr : — ► _B fcr ) and find, using as above a geometric 
argument, a closed curve (resp. A kr ) with a parametrization 7^ : dE — > T kp 
(resp. X kr : <9i? — > A kr ) satisfying the following properties: 

(d) A kp n T kp = and m&x\a kp (t) - -y kp (t)\ < \ (resp. B kr n A fcr = and 

max|6 fcr (t) — Afc r (t) I < |). Moreover, U is the boundary of an open 

annulus A kp (resp. B kr U A kr is the boundary of an open annulus $ kr ) such 
that A kp DD = (resp. $ fcr nG = 0). 



For every curve or closed curve A k i (resp. B km ) of type 2 let 

(e) Y ki := 0, A M := (resp. A km := 0, $ fcm := 0). 

Now we are able to define the two sequences of open sets (D k ) k ^ =1 C C and 
(Gfc)fcLi C C. Indeed, for every fc > 1 let 



(3.5) 



D fe := D U ( |J (A fcJ U A fc ,)) U ( |J (A fep U Afcp)) , 
G fe :=Gu( |J ($ fem U B km )) U ( |J ($ fer U Bkrfj . 
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where l' k (resp. j' k ) is the set of all I G I k (resp. m G J k ) such that A k i (resp. B km ) 
are open curves, and I k (resp. J k ) is the set of all p G Ik (resp. r G J&) such that 
v4 fcp (resp. B kr ) are closed curves. 

As a consequence of the construction in (a)-(e) and (I3.4l) - (l3.5p we are in position 
to show that 

u(z,A k ,D k )=u(z,A k ,D) z G D; 
u(w,B k ,G k ) = u(w,B k ,G), weG,k>l. 

We only need to prove the first identity in (I3.6p . the other one can be proved similarly. 
In fact, it suffices to show that 

(3.7) u(z,A k ,D) <u(z,A k ,D k ) } z G D, 

since the converse inequality is evident as D C D k , A k C (see (13. 5p ). To this 
end we define the function u : D fc — > [0, 1] as 

u;(2:,A fc ,D), zeD, 
0, 



Using [9] we see that 



\imu(z,A k ,D) = 0, (6 4. 



Consequently, -u is subharmonic on and u < u>(z, A k , D k ), which implies (13.71) . 

Next, we like to check the hypothesis of Lemma [37TI in the present context. There- 
fore, fix a nonempty open connected set U C C 2 such that U (jL W° and UnW° ^ 0. 
We have to show that there is a pseudoconvex open set fl in C 2 such that W C Q 
and U H dfl ^ 0. In fact, we will choose Q as either 

(3.8) n = n k :=±°(A k ,B k ;D k ,G k ) or tt = D k x G k 

for some k > 1. In virtue of (13.31) . (13.51) . and (I3.6I) - (I3.8I) . we obtain that fi^ is 
pseudoconvex and W C Therefore, we only have to check that U H 5fi ^ 0. 
Several cases are to be considered. 
Case I: (u n dW°^j C)(DxG)^0. 

Fix a point (z , u>o) £ \ U fl cW°J fl (-D x G). Using the continuity of the harmonic 
measure, we see that 

dW° n (D x G) = {(z, w) G D x G : cj(z, A, D) + cu(w, B, G) = 1} . 

In particular, o;(^q, A, D) + u(wo, B, G) = 1. 

Next, we fix two points (z x ,w x ) G £7rW°n(.DxG) and {z 2 ,w 2 ) G (f/n(Z)x(?))\f ° 
close to (zq,Wq) such that 

1 < uj(z 2 ,A,D) + oj(w 2 ,B,G), 

and 

7 := {t( Zl , Wt) + (1 - t)(z2, w 2 ) : t G [0, 1]} C C/ n (£> X G). 

Hence, 

u/(zi, A, D) + oj(wx, B, G) < 1 < o;(z 2! -4, £>) + w(«>2, B, G) 
In virtue of (13.31) and (13.61) . the monotonically decreasing sequence (u)(-,A k , 
(resp. (u>(-, Sfc, Gfc))^) of continuous functions converges uniformly to u>(-,A,D) 
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(res. u>(-, A, D)) on some open neighborhoods of z\ and z 2 (resp. w\ and w 2 ). 
Consequently, we may choose fl = fl k for a sufficiently big k in (I3.8P such that 

u[z lt A k , D k ) + u(wi, B k , G k ) < 1 < u(z 2 , A k , D k ) + u(w 2 , B k , G k ) 

This implies that there is (z 3 , w 3 ) G 7 such that uj(z 3 , A k , Dp.) + uj(w 3 , B k , G k ) = 1. 
Hence, U R <9f2 7^ 0. So case I is complete. 

Case II: (u n dW°\ f) (D x G) = 0. 

First we show that 

(3.9) dW°n ((dD\ A) x (dG\B^j = 0. 

Indeed, suppose the contrary in order to get a contradiction and let (z ,w ) be an 
arbitrary point in the left hand side of (13.91) . Since (z ,wo) £ (9D \ A) X (dG \ B), 
we have (see 0) 

lim u(z, A, D) = 1, lim to(w, B,G) = 1, 

- *Z 



which proves that (z 0l wo) ^ W°. Hence, we obtain the desired contradiction, and 
the proof of (13.91) is complete. 

Using (13. 9p . the obvious inclusion (u fl dW°j C D x G and the assumption of 

Case II, we see that there are two subcases to consider. 

Subcase (u fl 8W°^j fl (A x G) ^ 0. Let (z , w ) be a point in this intersection. 

Since D is Jordan- curve-like at all points of A, we may choose a sufficiently large ko 
such that 

(3.10) j(*,it>o) : \z-zo\ < C £/, 

and that all points of T := G <9-D : |z — z \ < ^ j are either of the same type 1 

or of the same type 2. There are two subsubcases to consider. 

Subsubcase The points of T are of type 1. Since z G A, there exist z\ G A 
and / G ifc such that \zq — z-^\ < ^- and z\ G Afc /. Using (a) above we can choose 
t\ G (0, 1) such that Z\ = a ko i(ti). Now setting z 2 := ^k i(ti), we see that z 2 G T ko i 
and |z 2 — 2i| < -j^- This, coupled with (I3.10p . gives that (z 2 ,w ) G U. 

Now we choose £7 := D k x G fc in (13. 8p . It remains to show that (z 2 ,Wq) £ <9^- 
Since r fe()i is of type 1, it follows from (13.51) that T ko i C <9-Dfc . Hence, z 2 G <9-Dfc . 
Therefore, (^2,^0) £C <9fi. 

In summary, we have shown that (-22,^0) G C7 fl <9fi. Hence, this subsubcase is 
completed. 

Subsubcase The points of T are of type 2. 

Since zo G A, there exists Z\ G A such that |^ Q — Zi| < ^. For every k > 1, let 

be the unique index in such that 21 G Since (^4.fe)feLi is a decreasing sequence 

00 

of relatively open subsets of dD, so is the sequence (^4^)^. Put H := f] A k[k . 

k=l 

We like to show that 

(3.11) H = { Zl }. 
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Indeed, suppose in order to reach a contradiction that H ^ {z\}. Then the interior 
of H (in the relative topology of dD) contains an open (Jordan) curve C. On the 
other hand, we know from (13.11) that A k \ A Q and A Q \ A is of zero length, and it is 
easy to see that H C A Q . Consequently, C \ A is of zero length. Hence, by Definition 
2 all points of A D C are extendible points of A, this contradicts the hypotheses of 
Theorem A. Hence, (13.111) has been proved. 

In virtue of (13. lip we may find a sufficiently large k such that sup \x — y\ < ^ 

and Aki k is an open (Jordan) curve. Let z 2 be an end-point of A k i k . So by the choice 
of k, we have \zi — z 2 \ < j^- This, coupled with the previous estimate \zq — z%\ < 
and (13.101) . gives that (z 2 ,wo) G U. 

On the other hand, since z 2 is an end-point of A k i k , it follows from H 3 . 5 f) that 
z 2 G dD k . Now we choose ft := D k x G k in (13.81) . Consequently, (z 2 ,wo) G <9ft. 

Summarizing, we obtain (z 2 , wo) G U ndQ k . Hence, this subsubcase is completed. 

Subcase (u H dW°^j H (D x 5) ^ 0. It is similar to the previous subcase. 

Hence, the proof of the theorem is complete. □ 

Proof of Theorem B. Using this and hypothesis (J^f) and applying Proposition 
3.7 in [8], we see that, for every k > 1, 

(3.12) 

u((,A,D k ) = lim u(z,A, D k )= lim u(z, A, D) = 0, (eA, 

z— »£, z£D k z— >(, zdD 

oj(rj,B,G k ) = lim u(w,B,G k ) = lim u(w, B, G) = 0, rj^B. 

Consequently, arguing as in the proof (13.61) one can show that 
(3.13) 

ui(z, A,D) = u(z, A,D k ), z<eD, u(w,B,G) = u(w,B,G k ), weG. 

Now we are able to check the hypothesis of Lemma [3.11 in the present context. To 
this end, fix a nonempty connected open set U C C n+m such that U (jL W° and 
U fl W° 7^ 0. We will choose the pseudoconvex open set ft as 

(3.14) either ft = ft fc := X°(A, B; D k , G k ) or ft = D k x G k , 

and need to verify that W C ft and U fl <9ft 7^ 0. Observe that ft is pseudoconvex 
which follows from the definition of X°(y4, B; D k , G k ) and the fact that D k , G k are 
pseudoconvex. On the other hand, using (I3.12p - (l3.14p and the fact that A C D k , 

B C G k , D C D k , G C G k , we easily see that C ft. Therefore, it remains to show 
that U PI 5ft 7^ 0. To do this let (z , ^0) be an arbitrary point in U H cW°. There 
are several cases to consider. 
Case I: (^o 5 ^o) G D x G. 

Then there is a sequence ((zj, Wj)) ( *L l C H 70 such that 

lim {zj,Wj) = (zq, w ), u(z , A, D) + uj(w , B, G) > 1. 

This, combined with (I3.13p - (l3.14p . implies that (z ,wq) G dQ k for arbitrary k > 1. 
Hence, choosing ft := ft^ for any k > 1 in (I3.14p case I is completed. 
Case II: (z ,w ) G dD x G. 

Two subcases are to be considered. 
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Subcase (zq,Wq) G A x G. Recall from Definition 3 that Dk D D = D U A and 



P) Dk = D U A. Consequently, there are an integer k and a point z\ G dDk such 
fc=i 

that (zi, t«o) G £/. Now put := Dk x G^. Then we have that (zi, i^o) G U fl <9fi. 
Subcase (zo,wo) G \ A) x G. Since z G <9-D \ A, it follows from Definition 3 
that z Q G dD k for k > 1. Now choosing H := ^ x G*i, we see that (z , tuo) G £/ Hcftl 

This completes case II. 
Case III: (z ,w ) G -D x <9G7. It is similar to case II. 

Hence, the proof of Theorem B is finished. □ 
Proof of Proposition C. First we consider the case \J\ = 1. Using (i) and (iii) 
we may find a open neighborhood U of A in C n which is relatively compact and a 
C 2 smooth strictly plurisubharmonic defining function p on U such that D C\ U = 
{z G U : < 0} . For every z G £/ fl <9-D, let i> 2 be the outward normal vector i> 2 

of D at Using the smoothness in (iii) one may find a sufficiently small number 
to > such that the map 6 : (U n 9D) x [0, t ) — »■ C n , given by 



is diffeomorphic onto the set V C C n . Geometrically, V is a tube with the base 
U fl dD and with the height t . 



Since 0^((i7 fl dD) \ A) x [0,t )J is relatively closed in V, there is a smooth 
function A defined on V such that < A < 1 on V and 



Then using the above properties of p, 6 and A, it can be checked that there exists a 
sufficiently large N > such that (D N+ k)kLi satisfies Definition 3. Hence, the pair 
(A,D) satisfies hypothesis 

The general case (i.e. \J\ is at most countable) may be done in the same way 
using (ii) and the fact that an increasing union of pseudoconvex open sets is again 
pseudo convex. □ 
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